This paper investigates a cylindrical nonlinear Schrödinger (cNLS) equation, which describes the cylindrically diverging quasi-plane envelope waves in a nonlinear medium. With the Hirota method and symbolic computation, bilinear form and N-soliton solutions in the form of an Nth-order polynomial in N exponentials are obtained for the cNLS equation. By means of the properties of double Wronskian, the N-soliton solutions in terms of the double Wronskian is testified through the direct substitution into the bilinear form. Based on the bilinear form and exchange formulae, the bilinear Bäcklund transformation is also given. Those solutions are graphically depicted to understand the soliton dynamics of the cylindrically diverging quasi-plane envelope waves. Soliton properties are discussed and physical quantities are also analyzed. Dispersion parameter has the effect that it may extend (or shorten) the periodic time of soliton interaction and change the direction of soliton propagation. Amplitudes of solitons are related to the cubic nonlinearity parameter.
Introduction
With the development of nonlinear science, solitons have been an attractive topic in the research of optics, plasmas, fluids, condensed matter, astrophysics, and particle physics [1 -8] . Progress on the discrete and cavity solitons [2] , incoherent and vector solitons [3] , and temporal, spatial, and spatiotemporal optical solitons [4, 5] has been made.
Optical solitons have their potential applications in the long distance communication and all-optical ultrafast switching devices [6, 7] . Optical solitons exist in the optical fibers on the basis of the balance between the group velocity dispersion and self-phase modulation [6, 7] . Dynamics of nonlinear pulse propagation in a monomode fiber in the absence of optical losses can be described by the nonlinear Schrödinger (NLS) equation [6, 7] ,
where E(z, τ) represents the complex envelope amplitude, τ and z denote the time and distance along the direction of propagation, respectively, k is the second derivative of the axial wave number k with respect to the angular frequency ω 0 and describes the group velocity dispersion, and σ = n 2 ω 0 /cA eff is the self-phase modulation parameter with n 2 , c, and A eff as the Kerr coefficient, speed of light, and effective core area of the fiber, respectively. Equation (1) admits the bright and dark soliton-type pulses respectively propagating in the anomalous and normal dispersion regimes [6, 7] . However, (1) is an ideal model [6, 7, 9] . Effects not accounted for by (1) have been discussed mainly in two aspects [10 -20] : (i) attention has been paid to the study of generalized higher-order NLS equations containing the terms accounting for such effects as the third-order dispersion, delayed nonlinear response, and self-steepening [10, 11] ; (ii) nonlinear optical fibers with the inhomogeneous dispersion and nonlinearity have been considered, including the pulse compression [12, 13] , soliton control [14, 15] , stimulation of modulation instability [16, 17] , dispersion management [18] , and soliton amplification [19] . Dynamics of the optical solitons is affected by the presence of inhomogeneities in the media [20] .
In this paper, we will consider an inhomogeneous cylindrical NLS (cNLS) equation [21 -24] ,
which describes the cylindrically diverging quasi-plane envelope waves in a nonlinear medium. Equation (2) plays a role in the theory of light wave envelopes in dispersive media with nonlinear refractive index [22] . Hereby, q(x,t) is the complex envelope, t represents the 'distance' along the direction of propagation, and x denotes the 'time' in the group velocity frame. The dispersion parameter α(t) and cubic nonlinear parameter β (t) are both real functions. Lax pair for (2) has been derived through the Painlevé analysis [21] , and the one-soliton solution has also been given via the Bäcklund transformation (BT) corresponding to the Lax pair [21] . Physically meaningful, our work will be focused on t > 0 for (2) . However, to our knowledge, the integrable properties such as the N-soliton solutions and bilinear Bäcklund transformation (BT) for (2) have not been obtained yet. The paper will proceed as follows: in Section 2, with the Hirota method and symbolic computation [25 -36] , we will obtain the N-soliton solutions in the form of an Nth-order polynomial in N exponentials. N-soliton solutions in terms of the double Wronskian will be given by means of the Wronskian technique, and will be verified through the direct substitution into the bilinear form in Section 3. In Section 4, based on the bilinear form, bilinear BT will be constructed, which can be used to construct the Nsoliton solutions from the vacuum solution in an iterative manner. Section 5 will be our discussions. Conclusions will be given in Section 6.
Bilinear Form and N-Soliton Solutions in Terms of the Exponential Polynomials for (2)
Based on the Hirota method [38] , once the nonlinear evolution equations (NLEEs) are transformed into the bilinear forms, analytic solutions can be derived by the perturbation technique without employing the inverse scattering method [25 -31] . In this section, bilinear form and N-soliton solutions for (2) will be derived with the help of symbolic computation.
Equation (2) can be transformed into the bilinear form
with the transformation q = g/ f and the coefficient condition β (t) = γα(t). Hereby, g(x,t) is a complex differentiable function, f (x,t) is a real one, γ is a real constant, and D x and D t are the bilinear derivative operators [38] defined by
Let us expand g(x,t) and f (x,t) as
where ε is a formal expansion parameter, and the coefficients f i (x,t) (i = 2, 4, 6, . . .) and g j (x,t) ( j = 1, 3, 5, . . .) are the differentiable functions to be determined.
Without loss of generality, we set ε = 1. Truncating expression (4) with g m = 0 (m = 3, 5, 7, . . .) and f n = 0 (n = 4, 6, 8, . . .), and substituting it into bilinear form (3), we get
where w and ζ are the complex constants with * denoting the complex conjugate. Thus, the one-soliton solutions for (2) can be expressed as
where
with Im(ξ ) denoting the imaginary part of ξ .
We take
where g 1 = e ξ 1 + e ξ 2 and ξ j = k j (t) + w j x + ζ j , k j (t) ( j = 1, 2) are the differentiable functions to be determined, w j and ζ j are both complex constants. Substituting expression (7) into bilinear form (3), we
. After some calculations, we obtain
The two-soliton solutions for (2) is obtained as follows:
In general, N-soliton solutions for (2) can be presented in the following form [37, 38] :
with w l , w j , ζ l , and ζ j as the complex constants. Hereby, ∑ 2N l< j indicates the summation over all possible pairs taken form 2N elements with the condition l < j. ∑ µ=0,1 , ∑ µ=0,1 , and ∑ µ=0,1 indicate the summations over all possible combinations of µ l = 0, 1 (l = 1, 2, . . . 2N) and require that
N-Soliton Solutions in Terms of the Double Wronskian for (2)
In the following, we will give the N-soliton solutions in terms of the double Wronskian [39 -41] for (2) . We postulate that g and f have the form
where the double Wronskian is defined as
Hereby, φ j and ψ j are postulated to be
with a j , b j , and ρ j ( j = 1, 2, . . . , N) as all the complex constants. It can be verified that φ j and ψ j satisfy the following conditions:
Via the abbreviated notation [39 -41] for the Wronskian and its derivatives, (11) becomes
From (12) and (13), we have
The following identical equations will be employed to verify the final result:
Substituting (13) - (15) into bilinear form (3a), we obtain
With the help of (13) - (15), we can simplify bilinear form (3b) as
Therefore, N-soliton solutions for (2) in terms of the double Wronskian can be obtained as
Bilinear Bäcklund Transformation for (2)
The BT provides a way of constructing new solutions from the known ones for the NLEEs [42] . Based on bilinear form (3), a bilinear BT will be presented in this section. In order to derive the bilinear BT for (2) by means of exchange formulae [42] , we have
Decoupling (17), we can get the bilinear BT as
where λ , µ are both the complex constants to be determined. Choosing the trivial solution q = 0, i.e., g = 0 and f = 1, and solving BT (18), we can obtain g and f as follows:
with λ = iκ, µ = 0, |χ 1 | 2 = 16κ 2 m 1 m 2 . Hereby, κ, m 1 , and m 2 are the real constants and χ 1 is a complex one. Thus, based on BT (18), the one-soliton solutions for (2) can be given as
Discussions
Our analysis begins with the dynamics of cylindrically diverging quasi-plane envelope waves evolving under one-soliton solutions (6) . Characterizing the inhomogeneous features of propagating cylindrically diverging quasi-plane envelope waves, some physical quantities such as the amplitude, width, velocity, and energy are, respectively, given as
It should be noticed that (6) includes two main varying parameters, i.e., the dispersion parameter α(t) and cubic nonlinearity parameter γ. Through the choice of values of parameters, it is possible to explain the various soliton adjustments. Profile and evolution of one soliton are presented in Figure 1 . Soliton amplitude is in inverse proportion to the value of γ, and direct proportion to the real part of w. Velocities of solitons are related to α(t) and the imaginary part of w. With the choice of α(t) as ±0.4t, 0.2t 2 , and 0.4sin(0.8t), the propagation for the soliton along the distance t are depicted in Figures 2 and 3 . Main feature of the soliton dynamics presented in Figure 3b is the phenomenon of periodic propagation. Seen in Figures 4 -9 are the evolution and interaction of two solitons via (9) . The situation of α(t) selected as constant is presented in Figures 4 -7 , while the cases of α(t) in the profiles of polynomial and triangle functions are given in Figures 8 and 9 . With the parameters given in Figure 4a , the two solitons propagate parallel and do not interfere with each other. Once the values of the parameters ζ 1 and ζ 2 decrease, the periodic interaction occurs, as seen in Figure 4b . The periodic time gets shorter as the value of α(t) increases, via the comparison between Figures 4b and 5b . If the value of γ increases, amplitudes of the solitons decrease (Fig. 5a ). Under the condition that the real parts of w 1 and w 2 have the same signs, we note that the signs of the imaginary parts of w 1 and w 2 have certain effect on the interaction between the two solitons from have the opposite signs, the places of interaction are different. If the imaginary parts of w 1 and w 2 have the same sign, the difference between Figures 6 and 7 is that the amplitudes of the solitons do not increase at the moment of interaction. Propagation and interaction of the two solitons are depicted in Figure 8 when α(t) is a linear polynomial. Figure 9 gives the periodic propagation of solitons when α(t) is chosen as the triangle function. If the imaginary parts of w 1 and w 2 are both positive, the two solitons travel along the same direction without interaction (Fig. 9a) ; while in Figure 9b , the two solitons travel along the same direction and interaction occurs as the imaginary parts of w 1 and w 2 are both negative. The phenomenon that the two soli- tons intertwine and periodically propagate is shown in Figure 9c . As seen from Figures 1 -9 , the values of the soliton amplitude |q| are bounded. From the figures, we can also observe that the finite regions with the envelope waves existing centralize almost all of the amplitudes and energies, and the values of the soliton amplitude tend to zero when x → ±∞, while the values of t are arbitrary real numbers. In general, to deal with the classical solutions of differential equations, the notion of weak derivatives is introduced in the Sobolev spaces [43] . Here, to search for the analytic soliton solutions and integrability, we have taken advantage of the Wronskian technique and Hirota method, and do not need to introduce the notion of weak derivatives in the Sobolev spaces.
In order to understand the interaction dynamics between the two solitons, we use the asymptotic analysis to investigate two-soliton solutions (9) as follows: (i) Before the interaction (t → −∞): Consequently, from asymptotic expressions (21) and (22), we conclude that the interaction between the two solitons for q is elastic.
Conclusions
In this paper, based on symbolic computation, we have studied some analytic properties of equation (2) which describes the cylindrically diverging quasi-plane envelope waves in a nonlinear medium. Via the Hirota method, one-soliton solutions (6), two-soliton solutions (9) , and N-soliton solutions (10) for (2) in the form of an Nth-order polynomial in N exponentials have been obtained. Moreover, we have given N-soliton solutions (16) in terms of the double Wronskian for (2) and verified it through the direct substitution into the bilinear form (3). On the other hand, bilinear BT (18) and the corresponding one-soliton solutions (20) have been constructed based on bilinear form (3). Finally, to understand the soliton dynamics of the cylindrically diverging quasi-plane envelope waves in a nonlinear medium, (6) and (9) have been graphically discussed in Figures 1 -9 . The dispersion parameter α(t) has the effect that it may extend (or shorten) the periodic time of soliton interaction and change the direction of soliton propagation. The soliton amplitude is in inverse proportion to the cubic nonlinearity parameter √ γ. Through the asymptotic analysis, we have proved the interaction between the two solitons to be elastic.
